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The indispensable role of likelihood expansions in financial econometrics for continuous-time models has
been established since the ground-breaking work of Ait-Sahalia (1999, 2002a, 2008). Jump-diffusions
play an important role in modeling a variety of economic and financial variables. As a significant
generalization of Li (2013), we propose a new closed-form expansion for transition density of Poisson-
driven jump-diffusion models and its application in maximum-likelihood estimation based on discretely
sampled data. Technically speaking, our expansion is obtained by perturbing paths of the underlying
model; correction terms can be calculated explicitly using any symbolic software. Numerical examples
and Monte Carlo evidence for illustrating the performance of density expansion and the resulting
approximate MLE are provided in order to demonstrate the practical applicability of the method. Using the
theoretical results in Hayashi and Ishikawa (2012), some convergence properties related to the density
expansion and the approximate MLE method can be justified under some standard sufficient (but not
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1. Introduction

Continuous-time jump-diffusion processes have been widely
used in various fields of science and technology for providing
approximations to real-world dynamics of random fluctuations in-
volving both relatively mild diffusive evolutions and sudden dis-
continuities caused by significant shocks. In financial economics,
jump-diffusion models were introduced in the seminal work
of Merton (1976), in which asset price is modeled by a combination
of the celebrated Black-Scholes-Merton model (see Black and Sc-
holes (1973) and Merton (1973)) and a compound Poisson process.
During the past few decades, they have become a natural choice for
modeling financial variables.

The literature has witnessed an explosion of developments
and applications of jump-diffusion models in asset pricing, risk
management and portfolio consumption optimization. Various
stochastic volatility models with jump were proposed and inves-
tigated in, e.g., Bates (1996), Bates (2000), Duffie et al. (2000), Pan
(2002), Johannes et al. (2003), and Broadie et al. (2007). By enrich-
ing both diffusive and jump components as well as their interac-
tions, the affine jump-diffusion models were formally proposed
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in Duffie et al. (2000), which facilitate asset pricing and econo-
metric analysis owing to their analytical tractability. For pricing
various exotic options in using analytical methods, the double ex-
ponential jump-diffusion model was proposed by Kou (2002). By
employing the backward induction principle based on the Hamil-
ton-Jacobi-Bellman equations, portfolio planning problems in-
volving jump risk were considered in, e.g., Liu et al. (2003), Pan and
Liu (2003), Ait-Sahalia et al. (2009), Ait-Sahalia and Hurd (2015),
and Jin and Zhang (2012). By enriching specifications of jump in-
tensity according to the idea of Hawkes processes (see, e.g., Hawkes
(1971)), self-exciting and mutual-exciting jumps are considered in,
e.g., Ait-Sahalia et al. (2015), Ait-Sahalia and Hurd (2015), Errais
et al. (2010), and Giesecke et al. (2011).

Econometric analysis of jump-diffusion models leads to is-
sues that are significantly different from those typically en-
countered in discrete-time series analysis, e.g., the estimation
of models formulated in continuous-time using data sampled
at discrete-time intervals. To conduct likelihood-based infer-
ences in this practical setting, transition densities play an im-
portant role; see, e.g., related discussions in Ait-Sahalia (2002b,
2004) and the references therein. Maximum-likelihood estima-
tion (MLE hereafter) for jump-diffusions usually encounters chal-
lenges arising from time-consuming computation of transition
densities. Closed-form expressions for transition densities can-
not be obtained even for some simple jump-diffusion models,
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e.g., a jump-diffusion mean-reverting Ornstein-Uhlenbeck model.
To conduct MLE, one usually needs computationally intensive nu-
merical methods, e.g., Monte Carlo simulation and characteristic-
function-based inversion method. Even if characteristic functions
of the transition distribution exist in closed-form (e.g., for the
affine jump-diffusion models proposed by Duffie et al. (2000)),
the Fourier inversion based density evaluation suffers from a large
computational load for each parameter set searched in the numer-
ical procedure of optimization. Given a typically large number of
possible candidate parameter sets and a large number of obser-
vations in high-frequency financial datasets (see, e.g., the survey
in Mykland and Zhang (2010)), this is computationally expensive
(if not impractical) because of the repeated valuation of numerical
Fourier inversions in the whole procedure for MLE.

Among various methods for approximating transition densities,
closed-form expansions have become popular because of their
fast computing time and numerical accuracy. In particular, as a
result of the progressive development of modern computation
technology, calculation of high-order expansions will become
increasingly feasible, and thus renders arbitrary accuracy at least in
principle. For diffusion models, a milestone is the ground-breaking
invention of Hermite-polynomial-based density expansion and
its application in MLE proposed in Ait-Sahalia (1999, 2002a,
2008), which motivated various substantial refinements and
applications, see, e.g., Bakshi et al. (2006), Ait-Sahalia and Mykland
(2004, 2003), Ait-Sahalia and Kimmel (2007, 2010), Egorov et al.
(2003), Xiu (2014), Chang and Chen (2011), Dipietro (2001),
Stramer et al. (2010), and Choi (2013, 2015a,b). Enlightened
by this stream of literature, various density expansions for
jump-diffusion models were proposed, see, e.g., Ait-Sahalia and
Yu (2006) for the application of saddle point approximation, Yu
(2007) obtained from solving for correction terms of an expansion
from Kolmogorov’s forward and backward equations, Schaumburg
(2001) for expanding transition density of a Levy-driven model
on a related functional space, Filipovi¢ et al. (2013) for a general
approximation theory in weighted Hilbert spaces for random
variables, Giesecke and Schwenkler (2011) for approximating
point process filters, as well as Choi (2015a) for approximating
transition density function of a multivariate time-inhomogeneous
jump-diffusion process in a closed-form expression.

Complementing to the existing methods, we will propose a
new closed-form expansion for transition density and apply it in
approximate MLE for multivariate Poisson-driven jump-diffusion
models. Our method can be viewed as a significant extension of the
method for diffusion models proposed in Li (2013). Because of the
fundamental challenge led by adding jumps, our expansion starts
from a new method of parametrization, which can be regarded as
a path perturbation and is different from the small-time setting
employed in Li (2013) for diffusion models. With presence of
jumps, the calculation of correction terms involves various explicit
computations related to both the diffusive and jump components.
Following similar discussions in Li (2013) (see pp. 1351-1352),
our expansion can be regarded as a jump-diffusion analogy of the
celebrated Edgeworth-type expansions; see, e.g., Chapter 2 in Hall
(1995) and applications to martingales in Mykland (1992, 1993).
However, in contrast to the traditional Edgeworth expansions, our
expansion does not require the knowledge of generally implicit
moments, cumulants or characteristic function of the underlying
variable, and thus it is applicable to a wide range of jump-diffusion
processes.

The theoretical foundation for validity of our expansion orig-
inates in the theory of Watanabe (1987) and Yoshida (1992) for
analyzing generalized Wiener functionals, as well as its theoretical
generalization in Hayashi and Ishikawa (2012) for analyzing gener-
alized Wiener-Poisson functionals, which focus on an alternative
class of expansions relying on the theory of large-deviations. The

uniform convergence rate (with respect to various parameters) of
our density expansion for a parameterized jump-diffusion model
can be proved under some standard sufficient conditions on the
drift and diffusion coefficients. This leads to convergence of the re-
sulting approximate MLE to the true MLE; and thus, the approxi-
mate MLE inherits the asymptotic properties of the true MLE. Such
theoretical results will be supported by numerical tests and Monte
Carlo simulations for some representative examples.

The rest of this paper is organized as follows. In Section 2, we in-
troduce the model with some technical assumptions. In Section 3,
we propose the transition density expansion with closed-form cor-
rection terms of any arbitrary order. In Section 4, numerical per-
formance of the density expansion and Monte Carlo evidence for
the resulting approximate MLE are demonstrated through exam-
ples. In Section 5, we conclude the paper and outline some oppor-
tunities for future research. Technical details on explicit calculation
of expansion terms are provided in Appendices A-D. In an online
supplementary material, Li and Chen (2016), we document some
examples of closed-form expansion formulas, proofs of the results
in the appendices, detailed calculation regarding some alternative
specifications of the jump-size distribution, some theoretical dis-
cussions on the validity of our density expansion and the resulting
approximate MLE.

2. The model and basic setup

We focus on a Poisson-driven jump-diffusion model governed
by the following stochastic differential equation (SDE hereafter):

dX(t) = p(X(t); 0)dt + o (X(t); )dW (t) + dJ(t; 0), X(0) =xo
(1)

where X(t) is a d-dimensional random vector; {W(t)} is a
d-dimensional standard Brownian motion; u(x; 8) = (u1(x; 0),
wa(x:0), ..., wa(x; 0))7 is a d-dimensional vector-valued func-
tion and o = (0jj(x; 0))dxq is a d x d matrix-valued function with
an unknown parameter 6 belonging to a multidimensional open
bounded set ®. Here, J(t; 6) is a vector-valued jump process mod-
eled by a compound Poisson process which can be specified as

Jt60) = (1t 0), (6 0), ..., Ja(t;0)) T

N(b) N(b)

=Y "Ih=) (Zn1Znz. -

n=1 n=1

) Zn,d)—r L)

where {N(t)} is a Poisson process with a constant intensity A.
For different integers n, Z, = (Zn1,Zn2,--- ,Zng) " are iid.
multivariate random variables. Assuming 7y, 73, .. ., are the jump
arrival times, the jump path can be expressed as a step function, i.e.,

J(t;0) = Z (Z (i1 Zi2, .. ~aZi,d)T) e 11 (0. (2)

n=1 \i=1

Let E C RY denote the state space of X.

We note that various popular jump-diffusion-based asset
pricing models (see, e.g., Merton (1976), Kou (2002), Bates (2000),
Duffie et al. (2000), and Broadie et al. (2007)) take or can be easily
transformed into the form of (1). This model relaxes the condition
on linear drift and diffusion of the affine jump-diffusion model
proposed in Duffie et al. (2000). By assuming the intensity of {N(t)}
to be a constant, the existence and uniqueness of the solution to
model (1) can be guaranteed under some technical conditions, see,
e.g., discussions in Yu (2007). Besides, this assumption is supported
by various empirical evidences, see, e.g., Bates (2000), Andersen
etal.(2002),and Chernov et al. (2003). In modeling typical financial
variables using a multidimensional jump-diffusion model, the
small sample problem is usually severe in the estimation of
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correlations among jumps in different dimensions, since jumps
are rare even with a long span (e.g., 15 or 20 years) of data, see,
e.g., discussions in Johannes et al. (2003), Chernov et al. (2003)
and Broadie et al. (2007) on setting and estimating the correlation
between jumps in asset return and its variance under stochastic
volatility with concurrent jumps models (SVC]). As a result, from
the perspective of econometric analysis, it is prevalent to assume
the independence among jumps in different dimensions. Without
loss of generality, we consider the following two parsimonious
examples of jump-size distribution for the purpose of illustration,
i.e., a normal distribution for modeling double-sided jumps and an
exponential distribution for modeling single-sided jumps.

Jump-Size Distribution 1. The jump size Z, has a multivariate
normal distribution with mean vector « = (a1, &, ..., g) and
covariance matrix g =diag(B?, . ..., B3).ie., Z, ~ N(a, B).

Jump-Size Distribution 2. Z, has a multivariate exponential dis-
tribution, in which Z, ;s are independent and Z, ; has an exponen-
tial distribution with intensity y; forj = 1,2, ...,d.

Dependence among jumps in different dimensions and other
specifications of the distribution can be similarly analyzed
following our method in a case-by-case manner. For example, by
letting some of the dimensions in the random vector Z, be zero,
we allow jumps in some but not all of the factors, see, e.g., the
jump component of the stochastic volatility model with jumps in
price only investigated in Bates (1996) and Duffie et al. (2000).
In Sections 3 and 4 of Li and Chen (2016), we provide main
techniques for performing our expansion under two alternative
specifications of the jump-size distribution. Generalizations of our
method for incorporating stochastic jump intensity (see, e.g., the
volatility-excitation considered in Pan (2002), the self-excitation
and mutual-excitation considered in, e.g., Ait-Sahalia et al. (2015),
Ait-Sahalia and Hurd (2015), Errais et al. (2010), and Giesecke et al.
(2011)) and even more general state-dependent jump component
(see, e.g., Cinlar and Jacod (1981) and Yu (2007)) will be set as a
future research project.

Before closing this section, we introduce some standard and
technical assumptions, which are conventionally proposed in the
study of stochastic differential equations (see, e.g., Ikeda and
Watanabe (1989)). Denote by A(x; 8) = o(x;0)o(x;0)' the
diffusion matrix.

Assumption 1. The diffusion matrix A(x; 6) is positive definite,
i.e.detA(x; 6) > 0, forany (x,0) € E x ©.

Assumption 2. For each integer k > 1, the kth order derivatives
in x of the functions u(x; ) and o (x; 6) are uniformly bounded for
any (x,0) € E x O.

As discussed in Section 5 of Li and Chen (2016), these
assumptions provide sufficient conditions for the validity of
our expansion. However, as shown momentarily in Section 4,
numerical examples (e.g., the SQR] model and the CEV-SV(]
model) suggest that the method proposed in this paper is not
confined to the models strictly satisfying these sufficient (but not
necessary) conditions.! Theoretical relaxation of these conditions
may involve case-by-case mathematical treatment and standard
approximation argument, which is beyond the scope of this paper
and can be regarded as a future research topic.

1 For example, as seen from the dynamics of SQRJ] Model 3, the volatility function
o (x) = o4/x violates Assumption 2 at the point x = 0.

3. A closed-form expansion of transition density

3.1. A general framework

By the time-homogeneity nature of jump-diffusion model (1),
we denote by p(A, x|xq; 0) its transition density corresponding to a
time interval with length A, i.e., the conditional density of X (t 4+ A)
given X (£) = xq:

PX(t + A) € dx|X(t) = x9) = p(A, X|xo; 6)dx. (3)

We will propose a closed-form asymptotic expansion approxima-
tion for (3) in the following form

va

where py denotes an expansion up to the Mth order; the functions
D(xg) and ¥, (A, x|xo; 6), explicitly depending on the drift vector
W, dispersion matrix o and jump components, will be defined or
calculated in what follows.

For ease of exposition in the following discussions, we drop the
dependence of 6 in dynamics of the models. For computational
convenience, we start from the following equivalent Stratonovich
form of model (1):

dX(t) = b(X(t))dt + o (X(t)) o dW(t) +dJ(t), X(0) =x0, (4)

where o represents the Stratonovich integral and the new drift
vector b(x) = (b1(x), bo(X), ..., ba(x)) T satisfies that

1 d M
pu(A, xlxo; 6) = (—) detD(x0) ) Wn(A, X|xo; 6),
m=0

1 ¢ 9
bi(x) = jui(0) = 5 ; > 09 5 -0y (¥).
— ]:

Thus, we parameterize dynamics (4) as
dX€(t)

= e[bX“(0))dt + o (X“(1)) 0 dW (1) + dJ ()], X“(0) = X0, (5)
where € > 0 is an auxiliary parameter such that X¢(t)|.—1 = X (t).

Therefore, once we obtain an expansion for the transition density
of model (5)

PE(A, X|xg; 0)dx == P(X(t + A) € dx|X(t) = Xg)
= P(X(A) € dx|X€(0) = xo) (6)

as a series of €, an approximation for (3) can be directly obtained
by letting € = 1.

Our main idea starts from a stochastic pathwise expansion of
X€(t) as a power series of € around ¢ = 0. We assume that the
vector X¢(t) admits the following Mth order expansion

M

X(0) =) Xn(D)e™ + O™, (7)
m=0

where X€(t) = (X{(6), X5(t), ..., X5(0) " and Xp(t) = Xm,1(0),

Xm2(0), ... ,Xm,d(t))T. Thus, the rth dimension of (7) is given by

M
XS0 =Y Xnr(De™ + 0", r=1,2,....d.
m=0

Without any confusion, the integer M will serve as an arbitrary
order of various expansions from now on. By letting ¢ = 0 on
the both sides of parameterized model (5), it is straightforward
to obtain that dXy(t) = 0. Thus, because of the initial condition
X€(0) = xo, we have the leading term as X, (t) = xo. By taking first-
order derivatives with respect to € on the both sides of (5) and eval-
uating them at € = 0, we obtain the first-order correction term as

Xi(t) = b(xo)t + o (x))W(t) +J(8). (8)
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A systematical method for explicitly obtaining higher-order cor-
rection terms will be given in Section 3.3.1.

We begin by representing the transition density of {X€(t)} as a
conditional expectation of Dirac Delta function (see, e.g., Kanwal
(2004)) acting on X€(A) — x, i.e.,

P (4, X|x0; 0) := E[§(X(A) — %)X (0) = xo] .

In the following expositions, the initial condition of X (0) = x, will
be omitted. To guarantee the convergence, our expansion starts
from a standardization of X¢(A) into
D(x0) X(4) — xo

NZR
where D(x) is a diagonal matrix defined by

1

d T2 d -
D(x) = diag (Zafj(x)) , (Z ozzj(x)>
j=1 j=1

Y€ (A) = (9)

1
2

1
2

; _
i (x) . (10)
/)
j=1

Standardization (9) plays a similar role to that of the Lamperti
transformation adopted by Ait-Sahalia (1999, 2002a, 2008),
which leads to a normal distribution as the leading-order term
and accurate higher-order correction terms for constructing the
density expansion.

Assuming the pathwise expansion for Y¢(A) as

M
Y(A) =) Ym(A)e™ + 0" ), (11)
m=0
it follows from (7) and (9) that
Yin(A) = MXmH(A), form=0,1,2,.... (12)
Va

The corresponding elementwise form of (11) and (12) satisfies that

M
Y(A) =) Yur(A)e™ + 0N,

m=0
Drr (XO)
NI

where D, (xg) refers to the rth diagonal element of D (xp),

where Yy, - (A) = Xm+1,r(4), (13)

ie., Dy (%) = (Z}; aé (x))_j. Itis evident that,ase — 0,Y¢(A)
converges to

Yocay = B4 L DO a4 gy, (14)
NIV

where

B() = (B1(6). Bo(0). . ... Ba(t)) = D(x0)o (to) W (1) (15)

is a d-dimensional correlated Brownian motion.
Simple algebra yields that

e/ Do) (X=%X\ _Dxo) . .~
Y€(4) JZ( . >_\/Z€(X(A) X).

Thus, by the scaling property of Dirac Delta function (see,
e.g., Kanwal (2004)), we obtain that

ES(X(A) —x)

1 d
= = d D E 5 Y6 A - D(x x=xg \
(5 ) detDoaEis (@) - i, g (0

Heuristically speaking, by the expansion of Y¢(A) and the classical
rule for differentiating composition of functions, we obtain a
Taylor-like expansion of §(Y¢(A) — y) as

M
S (M) —y) =) Pn)e™ + 0", (16)

m=0

where @,,(y) represents the mth expansion term. By taking
expectations, it is natural to obtain that

M
E[5(Y(A) =y)] =) Un@)e™ + O™,

m=0
where
Yn(y) = E[Pn()].

Thus, the Mth order expansion of the density pc(A, x|xq; 6) is
proposed as

pIG\/I(Av X|XO; 9)

1 \¢ M _
_ (E) detD(xo)r;)lllm (D\(/Xg (X 6"0)) M (17)

By letting ¢ = 1, we define an Mth order approximation to the
transition density p(A, x|xq; 0) as

p ( X|X : 9) = <71 )d det})(X ) ME v, ( ( {0) ( )>
M As 0> . /fA 0 o m /fA X ‘(0 .
(18)

We note that Y, is non-degenerate in the Wiener-Poisson
space. Such a setting renders the validity of our expansion method,
based on a generalization of the theory of Watanabe (1987) and
Yoshida (1992) established in Hayashi and Ishikawa (2012). Under
some technical conditions, the convergence of (16) is in the sense
of distribution and Malliavin calculus and further renders the
convergence of (17). In this article, we focus on the practical
calculation and implementation of the density expansion; we
provide the theoretical justifications of convergence in Section 5
of Li and Chen (2016).

In practice, the explicit calculation of ¥,,(y) hinges on the total
number of jump arrivals. Indeed, we deduce that

Un(y) =E[Pn()] = ZE[q)m(y)lN(A) =n]P(N(4) =n).
n=0

Thus, for m, n > 0, denote by

Tnn(y) =E[®n¥)|N(A) =n]. (19)
Observing
nAn
P(N(A) = n) = exp(—1A4) .
we obtain that
o0 )»nAn
W (y) = ; eXP(—A4) == Tnn(y)- (20)

In practice, to approximate the true value, such a series can
be implemented by a truncation with a finite number of terms
approaching to numerical stability. Thus, we define

AAr
n!

N
YN (@) = Y exp(—2A)——Tna(). (1)
n=0
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as an Nth order approximation of ¥, (y). According to the previous
discussions, density expansion (17) is further approximated by the
following double expansion

Pu.n (4, X[x0; 0)
= <1>ddetD(xo)ilI/ N (D(XO) (x—x0>> "
VAe e S V) €
_ 1
- (Vi) oo 3

XTon (D\(/XZO) (X_EX")) em, (22)

Finally, the Mth order approximation (18) of the transition density
is further approximated by the following double summation

d M N
Py (A, Xlxo; ) = (le) detD(x) ) ) exp(—1r4)

m=0 n=0

AnAn T D(Xo) 23
X — T N (x —xo) (23)
Theoretical discussions related to the validity of these approxima-
tions are provided in Li and Chen (2016). In what follows, we will
concentrate on the explicit calculation of Ty, ,(y) in Sections 3.2
and 3.3, an application of the density expansion in maximum-
likelihood estimation in Section 3.4, and numerical examples in
Section 4.

3.2. Calculation of the leading term Ty (¥)

It is obvious that the leading term of pathwise expansion (16) is
given by @ (y) = 8(Yo(A) — y). We note that

Ton(y) = E[8(Yo(A) —y)IN(A) = n] (24)
is essentially a conditional density of Yy. By plugging (14) in (24)
and conditioning on the jump component J(A) = Z:;l Z;, we
obtain that

Ton(y) = E[E (8(Yo(4) —»J(4),N(4) =n) IN(4) = n]

D
:El:d’x(xo) (y— &"AE) ) IN(A) = n], (25)

where X (xq) is the correlation matrix of Brownian motion (15),
ie,

2 (xo) = (Corr(B(t), Bj(t)))axa = D(X0)a (X0)a (X0) ' D(Xo), (26)

and ¢ (y) denotes the probability density of a normal distribution
with zero mean and covariance matrix C, i.e.,

1 1+
pc(y) = ————exp(—=y'Cly). (27)
(27)2 (det C)z 2

The explicit calculation of (25) under the assumptions of Jump-Size
Distributions 1 and 2 will be illustrated in Appendix A.

3.3. Calculation of high-order terms Tp, n(y) form > 1

3.3.1. High-order pathwise expansion in (7)

We propose an iterative algorithm for obtaining any arbitrary
order of expansion (7). Assume the following expansions according
toe

M
b(X<(t)) := Z bm(t)e™ 4+ O (eM),

(28a)
m=0
M
o(X(1) ==Y on(De™ + 0", (28b)
m=0

where elementwise forms of the correction terms are given by
b () = (b1 (1), b2 (0), ..., bma(t)) " and
om(t) = (Um,(k,r)(t))dxcla foranym=20,1,2,..., M.

Thus, forany k = 1,2,...,d,r = 1,2,...,d, differentiation
of composite functions b, (X€(t)) and oy, (X€(t)) with respect to €
yields that

1 0™b, (X€(t))
() = — ——n 2
m! de™ =0
1 9°he(Xo(t
_ Z s ak( of )a) ijx (), (292)
(.G dgoed): Xr Orz -+ 0Xre 4
(r1.12,-..T¢))E8m
_ 1 3(m)o'kr (X€(t))
Om,(k,r) (£) = m gem -

_ Z 1 3o (Xo(®) HX ©. (29b)
- JisTi

! .
o) L) 0xrq 0Xry « - - OXry 1
(r1,r2,-.,T¢))€8m

where the index set 4, is defined by

Sn = {,jl0O), r() £ =1,2,...,j&) = (1,]2, - .., Je) With
Ji:J2s o jezlandji+jp+---+je=m,
r(f) = (ry, 12, ..., rp) withry, o, ..., 10 €{1,2,...,d}}.
(30)

We note that formulas (29a) and (29b) follow from the classical
differential calculus.

After plugging expansions (7), (28a) and (28b) in (5), a
comparison of the coefficients of €™, for m > 2, in both sides of
Eq. (5) results in

dXm(t) = b1 (t)dt + op_1(t) o dW(t), form > 2.
According to the fact that

M
X0 =) Xn(0)e™ + 0" = xq,
m=0

a comparison of the coefficients of each order yields that
Xo(0) = xg and X,,(0) = 0, forallm > 1. (31)

Thus, we obtain that

t t
X (t) = / bnm_1(s)ds —|—/ Om_1(8) odW(s), form > 2. (32)
0 0

According to (29a) and (29b), all expressions involved on the right-
hand side of (32) contain expansion terms of X(t) with orders
at most m — 1. Therefore, iterative applications of (32) result in
explicit form of X,,(t) for any m > 2 via iterated Stratonovich
integrals defined as follows.

For an arbitrary index i = (i, i3,..., 1) with iy, iy, ...,0; €
{0,1,2,...,d} and an I-dimensional stochastic process f =
{(fr(t), (b)), ..., fi(t))}, we introduce an iterated Stratonovich
integral

t pty ti1
Sif(t) = / / / filty) o dWy () - - -
o Jo 0

fa(t2) o dW;, (2)f1(t1) o AW, (t1), (33)

which is iteratively defined from inside to outside according
to the definition of Stratonovich integrals (see e.g., Section 3.3
in Karatzas and Shreve (1991)). Here, we let Wy(t) = t. From
iteration (32), it is evident that the correction term Xj 1, can
be expressed by iterations and multiplications of Stratonovich
integrals. The integrands involve step function (2) created by
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jump arrivals. Without loss of generality and for the purpose
of illustration, we provide the first three closed-form pathwise
expansion terms of a one-dimensional jump-diffusion driven by
a one-dimensional Brownian motion (d = 1 in the general setting
(1)).In the following examples, we denote by W (t) the driving one-
dimensional Brownian motion. The first order (8) can be rewritten
using iterated Stratonovich integrals as

X1(t) = b(X0)S(0),(1)(£) + 0 (X0)S(1y,(1y (t) +J(£). (34)
For simplicity, denote by
8kb(x) ko x)
(k) _ (k) _
b (X)—Wal‘lda (X)—W,

for integer k > 1. According to iteration (32), the second order
term satisfies

t t
Xz(t):b(”(xo)/ Xl(s)ds—i—a(l)(xo)/ X1(s) o dW(s). (35)
0 0

By plugging (34) in (35), X5 (t) can be written as a linear combina-
tion of iterated Stratonovich integrals
Xa(t) = b (X0)b(X0)S(0,0),(1,1)(t) + b (X0) T (X0)S(0,1),(1,1) ()
+ 0P (x0)b(x0)S(1,0),(1,1) (t) + 7V (X0)T (X0)S(1,1),(1,1) ()
+ b (%0)S(0), g0 () + &V (X0)S1), g0 (1) (36)
Similarly, the third order satisfies

t t
X3(t) = b (xo) / Xa(s)ds + %ba)(xo) / Xi(s)*ds
0 0
t
+o<”(xo)/ X5 (s) o dW (s)
0

t
+50P00) / X1(5)? 0 dW (). (37)
0

Employing (34), we observe that
X1(6)* = b(x0)*S0),(1)(£)* + 2b(X0)0 (X0)S(0), (1) (£)Scry, (1) (£)
+ 0 (%0)*Sq1y. (1y (D)% + 2b(x0)] (£)S(0). 1) (£)

+ 20 (%0)] (£)Sqay, (1) (£) + J*(0). (38)

Thus, X5(t) involves multiplications and iterations of Stratonovich
integrals with integrands involving jump path (2). It is evident from
iteration (32) that such a pattern is inductively inherited by any or-
der of the expansion.

3.3.2. Calculation of Ty n(y) form > 1

Similar to expressions (29a) and (29b), the mth order correction
term for expansion (16) follows from differentiating the composite
function §(Y€(A) — y), that is
> a(H)n
Pn(y) = n <7> Dy, (x0)
(£(0),x(0) t\va i=1
=(C.(G1 ol (1720 0T0) ) E8m
908 (Yo(4) =) T+
X ———— Xii15(A). 39
aXrl axrz tte 8Xr( ll:! ]l+1,rl( ) ( )

Our goal is to explicitly calculate (19).
Denote by {#(t)} the filtration generated by the jump process,

ie, (2(0)) = o (J(5),s < b).Forj(£) = (j1,Jz, ---.j¢) and r(€) =
(r1, 13, ..., 1e), we define

Pr,(e.jce),reey) (W)

I4
=K (H&m,nmnww =w,N(4) =n, gz(m) . (0

i=1

which will be calculated in the following sections as a polynomial
in w with coefficients involving polynomials of the jump arrival
times 7y, T2, ..., T, as well as jump amplitudes Z;, Z,, ..., Z,. To
systematically express some derivatives involved in our expansion
terms, we introduce the following differential operator

ou(z

Diu(z) = —u@2)(Z(x0) '2)i, (41)

1
foranyindexi € {1, 2, ..., d} and differentiable function u(z) with
z € RY, where (¥ (xp)~'z); denotes the ith element of the vector
P (X())ilz.
We propose the following theorem for explicitly calculating

Tnn ().

Theorem 1. For any integer m > 1, the correction term Ty n(¥)
in (19) admits the following explicit expression:

1 ( 1 )Z L
E —|-— | |Dr.r,»(Xo)
(€i(Oxe) e\ va) i
:(l-(hJz,-.uj[,),(r],fz,-.-,rg))edm

x E F < 1)(;(0)
n,(£,je),r(¢ )
(£,j(0),r(6)) /

Tm,n (V) =

(b(x0) A +J(A))) IN(4) = n} ,
(42)

where Fy ¢ je).r(e)) (2) is a polynomial explicitly calculated from
Fu, @) .re)(2) = Dr, (o@rz ( -+ Dy, (Pn,(l,j(l),r(l))(a (x0) ™"

X Do) 'V/42)) -+ ) )50 @) (43)

with coefficients involving polynomials of the jump arrival times
71, T2, . . ., Tp as well asjump amplitudes Z,, Z,, . . ., Z,. Here, 8, and
@5 xo) (¥) are defined in (30) and (27), respectively.

Proof. See AppendixB. O

This theorem provides a convenient expression for calculating
the closed-form formula for Tp, ,(y). For illustration, we provide
two examples under the aforementioned one-dimensional (d = 1)
case. For example, T; 1 (v) admits the following expression:

D
T () =— «;XZO)
D(xo) .

XE | FLa,@.0p (Y — N (b(x0)A +]J(A)) ) IN(4A) =1},
(44)

where

Fi,a,1),ap@) = D <P1,<1,(1),(1)>(\/ZZ)) ¢(2) (45)

and

P a.ay.ap(w) =ER(A)IW(A) = w,N(A) =1, 4(4))  (46)
as well as J (t) = Z;1j;,,4)(t). Here, as a special case of (41), the
differential operator satisfies that Du(z) := du(z)/dz — zu(z) for
any differentiable function u; as a special case of (27), ¢(z) =

e~1/22 1 /27 is the p.d.f. of the standard normal distribution.
Similarly, we have

D
Lo = _D)

E{ F2,a,2).a
«/Z ( (1,(2),(1))

(y _ B0 pxya +1(A>>) IN(A) = 2)
/2

L1 D) 2E ;
2! \/Z 2,(2,(1,1),(1,1))

(y _ D00 ey +J(A))> IN(A) = 2>,
JA
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where

B a,@,an@) =D (PZ,(I,(Z),(I))(\/ZZ)) ¢(z), and

=D (e’D (PZ,(Z_(l,l),(l,l))(fz))) #(2),

F.0,0,1).31,1) (@)
and
E (X3(4)|W(4) = w,N(4) = 2, 4(4)),
(47a)
E (X2(4)*|W(4) = w,N(A) =2, §(4))
(47Db)

Py (1,2),1) (W) =
Py 2,c1,1),,1) (W) =

aswell as | (t) = Zy1j¢; 1 (0) + (Z1 + Z3) 1[5, 41(D).

To obtain closed-form formulas, we will provide technical
details on calculating conditional expectation (40) and jump-
component-related expectation (42) in Appendices C and D,
respectively.

3.4. An application in maximume-likelihood estimation (MLE)

Since the expansion of transition density proposed in (23)
provides an approximation for the true but unknown transition
density (3), it is natural to employ it in constructing an approx-
imation for likelihood functions. Thus, following the idea of Ait-
Sahalia (1999, 2002a, 2008), we propose a method of approximate
maximume-likelihood estimation (MLE) in what follows. Based on
the discrete observations of the jump-diffusion X defined in (1)
at time grids {A, 24, ..., nA} for some integer n, which corre-
spond to the daily, weekly or monthly monitoring frequency, etc.,
the likelihood function is constructed as

I (0) = l_[p(At,X(iA)IX((i —1A);0) (48)
i=1

where p is the transition density defined in (3). Assuming success in
identification, the true MLE 6, is obtained by identifying the max-
imizer in & € © for function (48), i.e.,

gﬂ = argmax[,(0). (49)
fe®

By analogy, we introduce the (M, N)th order approximate likeli-
hood function as

= [ pun(At, X)X (i — D A); 6) (50)

i=1

where py, y is the density approximation defined in (23). Thus, the
approximate MLE G,EM’N) is obtained by identifying the maximizer
in @ € O for function (50), i.e.,

OMN — arg max IMN (6). (51)
n n
0e®

We employ @}M‘N) as an approximation of 5“ in particular, when
the likelihood function [,,(0) is not easy to calculate. We demon-
strate the numerical performance of this method through Monte
Carlo simulation in Section 4. Theoretical discussions related to
asymptotic properties of these estimators are provided in Li and
Chen (2016).

4. Numerical performance and simulation results for MLE

Since general jump-diffusion models are rarely analytically
tractable, we begin by employing an arithmetic Brownian motion
with jump with closed-form transition density and three affine
jump-diffusion models (see, e.g., Duffie et al. (2000)) with
explicitly known characteristic functions to demonstrate the

performance of our method. To provide benchmarks for testing the
accuracy of our density expansion, we truncate the infinite-series
transition density for the former example and evaluate the true
transition densities by Fourier transform inversion for the latter
three examples. For all these examples, the expansion formulas
are calculated from our general method discussed in the previous
sections. For the purpose of illustration, we provide the first several
expansion terms of these examples in Li and Chen (2016). All such
formulas and those with higher orders are documented in the form
of Mathematica notebook, which will be provided upon request.
The corresponding likelihood expansions will be further used in
Monte Carlo analysis for approximate MLE in Section 4.2.

The arithmetic Brownian motion with jump process (ABM]
hereafter) is specified as follows.

Model 1. The ABM] model:

N(t)
dX(t) = pdt + odW(t) +d (Z zn> :

n=0

where {(W (t))} is a standard one-dimensional Brownian motion
and the jump size has a normal distribution according to Jump-Size
Distribution 1,i.e., Z, ~ N (o, 82).

It is straightforward to obtain its transition density as the
following infinite series

P(X(A) € deX(O) = Xo)

x_
_Z ZA—I—nﬂZ (

where ¢ is the probability density function of a standard normal

e Mdx,

Xg — mA —na\ (AA)"
02A + np? n!

2
variable, i.e., ¢(x) = e~z /«/ﬂ. In the numerical experiments,
we will employ a set of parameters similar to that in Yu (2007),
ie,u=020=031=033,0d=0and 8 =0.2.
The mean-reverting Ornstein-Uhlenbeck with jump process
(MROUJ hereafter) is specified as follows.

Model 2. The MROUJ model:

N(t)
dX(t) = k(0 — X(t))dt + cdW(t) +d (Z zn> ,

n=0

where {(W (t))} is a standard one-dimensional Brownian motion
and the jump size has a normal distribution according to Jump-Size
Distribution 1, i.e., Z, ~ N (oz, ,82) .

Following standard methods (see, e.g., Chapter 5 in Singleton
(2006)), the characteristic function of X (t) can be written as

¢ (t: ) = E (e“*V1X(0) = x0) = exp(A (t; ®) + x0B (t; w)),

withi = +/—1, (52)
where
262 (exp(—2kt) — 1
At w) = iof (1— o) 4 ZCEPCAO =D 5,
4k
A ¢ 1
+ = exp iwae™ — —w?B%e™2 ) ds,
2K 2
and B (t; w) = iw exp(—«t).In the numerical experiments, we will

employ a set of parameters similar to that in Yu (2007), i.e., k =
0.5,6§ =0,0 =0.2,A =0.33,0 =0and 8 = 0.28.

The square root diffusion with jump process (SQR] hereafter) is
specified as follows.
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Model 3. The SQR] model:

N(t)
dX () = k(0 — X(0))dt + o/X()dW (t) +d (Z zn> ,

n=0

where {(W(t))} is a standard one-dimensional Brownian motion
and the jump size has i.i.d. exponential distribution with parameter
y according to Jump-Size Distribution 2, i.e., Z, ~ expo(y).

This model is well known as the basic affine jump-diffusion
model (BAJD), which generalizes the celebrated Cox-Ingersoll-Ross
(CIR) model; see, e.g., its application for modeling credit default in-
tensity in Duffie and Garleanu (2001). Similar to the previous ex-
ample, the characteristic function of SQR] can be written as

¢ (t; ) = E(e“*V1X(0) = x0) = exp(A (t; ) + 0B (t; »)),

withi = +—1,
where
20 Kk — diwe? (1 — et
A(t;w):—2x10g< 2 ( )
o K
2 K — %iw02+iw (% - %) e vt
—— x log - ;
2K — w?y K — 2k
Y
and
iwke ¢
B(t; w) =

1; ey
Kk — ziwo? (1 —e ")

In the numerical experiments, we will employ a set of parameters
similar to that in Duffie and Garleanu (2001), i.e.,, x = 0.6,0 =
0.02,0 =0.141,A = 0.2and y = 10.

A bivariate mean-reverting Ornstein-Uhlenbeck with jump
model (BMROU]J hereafter) is specified as

Model 4. The BMROU] model:

Xi®\ _ («n 0 01 — Xi(t) Wi (t)
d (Xz(t)) - (K21 Kzz) (92 — Xz(f)> di+d (Wz(f)>
NGO

Zzn.l
n=1

+d| Yo ;

ZZH,Z
n=1

where {(W;(t), W>(t))} is a standard two-dimensional Brownian
motion and the jump size has a bivariate normal distribution
according to Jump-Size Distribution 1, i.e,,

Zn1 ~N o1 ,812 0
Zn2 w)'\o g))
This model is an example of the multidimensional affine

jump-diffusion model proposed in Duffie et al. (2000). Similarly to
the previous examples, the characteristic function is obtained as

¢ (t; w1, wp) = E (10200 X (0) = (x0,1,%0.2))
= exp(A (t; w1, w2) + By (t; w1, w2) X1
+ B, (t; 01, w3) Xo2), Withi=v/—1.
Here, we have
At o1, @) = iwﬂqlel (1— e ) B w? (1 — e 2mt)
K11 4K11
K101 + Kby ((1kca1 (1 — e 1t
! < K11

K22 — K11

(@161 + @3 (k22 — K11)) (1- ekzzf)>

K22

1 (1k21 + 3 (k22 — K11))° ket
- (K22 —K11)2( 4rc22 (] —e )
w121 (@1K21 + @3 (K32 — K11)) (1 — e~ (et
B k11 + K22
i (1= )

t
— = | exp(—cie NS — cpe
4y 2 Jo

+ cye” TR | (cueTHI 4 e 2)) ds) — AL,

as well as
B (t; w1, 0)2) = ia)le_"“t and B, (t; w1, 0)2) = ia)ze_"zzt

—+ iw1

e*l(]]f _ e*l(zzf) ,
K11 — K22

where

20,2 g2 2, 202, 2 a2
(w1, @) = 7 (k§1 87 — 2611k2287 + k5,7 + k3183)

X (k22 — k11) % /2,
e (w1, w2) = B3 (wika1 + @ (kaa — k11))* (k2o — k11) 72 /2,
c3(wr, @) = w1B2ka1 (Wikan + wy (kap — k11)) (ko — K11) 2,
Ca(w1, wp) = —wq (k2 — k11) (K101 — K201 + K2102)

x (k2 — k11) 2,
Cs(w1, w2) = & (k22 — Kk11) (@1K21 + W2 (K22 — K11))

x (ko — k11) 2.
In the numerical experiments, we will employ a set of parameters
in partial agreement with those employed for the bivariate
Ornstein-Uhlenbeck model studied in Cheridito et al. (2007),
i.e., K11 = 0.1570, Ky1 = 0.3279, Ky = 2.2883, 91 = 92 =0,
A=9a =020, =0.1, ,31 = 0.3 and ﬂz =0.5.

Given the explicit-form characteristic functions, we obtain the
density functions via numerical inversion of Fourier transform.
We choose a widely used algorithm proposed in Abate and Whitt
(1992) to accomplish this goal. Without loss of generality, we
employ MROUJ Model 2 as an example to briefly outline the

algorithm. According to Abate and Whitt (1992), the transition
density function can be obtained by

P(X(A) € dx|X(0) = xo) = % / e (A; w) dw

= % /oo [cos xwRe (¢) (A; w) + sinxwlm (@) (A; w)] dw.
0

Thus, an efficient approximation for this density function is given
by the following Euler summation

E(mnx) =) (T)Z"”swk ®),

k=1

where the truncated series is defined by

h h &
Sp(x) = — 4+ — Z [Re (¢) (A; kh) cos khx
2w =

+ Im (¢) (A; kh) sin khx] .

4.1. Accuracy of the density expansion

For the sampling increment A, we denote by

em,N (A, X|xg; 0) == pu N (A, X|xo; ) — p(A, X|x0; 0)
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Fig. 1. Maximum relative absolute error of density approximation for Models 2, 3 and 4 with orders M = 0, 1, 2, 3 and fixed N = 3.
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Fig. 2. Maximum relative absolute error of density approximation for Models 1, 2 and 4 with orders N = 0, 1, 2, 3 and fixed M = 3.
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Fig. 3. Errors of density approximation for the Arithmetic Brownian Motion with Jump (ABM]) Model, i.e., ey n (A, X|Xo; 8), for (M, N) = (0, 1), (0, 2), (0, 3) and A = 1/52.

the error of the (M, N)th order approximation, that is (23). To
demonstrate the overall accuracy of our expansion, we consider
the maximum relative error maxyep lem.n (4, X|Xo; 0)/p(A, X|Xo;
0)| over a region D, which is several standard deviations around
the mean of the forward position (i.e., E (X(A)|X(0) = xo)).
Without loss of generality, for the ABMJ, MROU]J, and BMROU]J
models, the initial positions X, are chosen are 0, 0, and (0, 0),
respectively; for the SQR] model, x, is chosen as 1.5 in order to
keep it away from 0, the boundary of this jump-diffusion process.
Considering monthly, weekly, and daily monitoring frequencies
(A = 1/12,1/52,1/252), we plot the maximum relative errors
of different orders M = 0, 1, 2, 3 with fixed N = 3 for the MROUJ,
SQR]J, and BMROU]J models in Fig. 1 and plot the maximum relative
errors of different orders N = 0, 1, 2, 3 with fixed M = 3 for the
ABM]J, MROU]J, and BMROU] models in Fig. 2. It is evident that the
approximation errors tend to decrease as more correction terms
are included (M and/or N increase).

In Figs. 3-5, we plot approximation errors of the density
expansion in detail for the ABMJ], MROU], and SQRJ models,
respectively. In Fig. 6, we plot the contours of the errors of the
density expansion for the BMROU]J model. Using the ABM] model,
Fig. 3 demonstrates the correction effect resulting from increasing
the order N in the approximation (23). By comparing Figs. 4(a) and
4(c), Figs. 5(a) and 5(c), Figs. 6(a) and 6(c), it is easy to observe the
correction effects resulting from increasing the order M. Similarly,
by comparing Figs. 4(b) and 4(c), Figs. 5(b) and 5(c), Figs. 6(b)
and 6(c), it is easy to observe the correction effects resulting from
increasing the order N.

4.2. Monte Carlo simulation evidence

In this section, we conduct Monte Carlo simulations to
demonstrate the performance of the approximate maximum-
likelihood estimation method proposed in Section 3.4. For the
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x 10 x 10 x 10
3
1 1
2.5
0 2 0.5
5 5 5
o -1 5 1.5 6 01
1
) -0.5
0.5
-3 0 -1
1 1.5 2 1 1.5 2 1 1.5 2
forward variable x forward variable x forward variable x
(@)ers. (b)es 1. (c)ess.

Fig. 5. Errors of density approximation for Square Root Diffusion with Jump (SQR]) Model, i.e. ey n (A, X|xo; 6), for (M, N) = (1, 3),(3, 1), (3,3) and A = 1/52.
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Fig.6. Errors of density approximation for Bivariate Mean-reverting Ornstein-Uhlenbeck with Jump (BMROU]J) Model, i.e. ey n (A, X|xo; 0), for (M, N) = (1, 3),(3, 1), (3, 3)

and A = 1/52.

purpose of illustration, we begin by investigating the four models
discussed in the previous section. We employ exact simulation
methods (according to the true transition distribution) to generate
the sample paths of the jump-diffusion models, see, e.g., the
methods discussed in Chapter 3 of Glasserman (2004) and an
alternative efficient method proposed in Giesecke and Smelov
(2013).? In our experiments, true parameters are set as those
employed in Section 4.1. In these and subsequent experiments,
the total number of simulation trials is set as 1000 and the total
number of observations on each sample path is set as n = 1000 for
each model; we consider three typical choices of the monitoring

2 We thank Kay Giesecke for generously providing the code, which was directly
applied in our simulation studies.

increment: A = 1/252 (daily), A 1/52 (weekly), and A
1/12 (monthly). As seen from the Monte Carlo simulation results
in Tables 1-4, we report the mean and standard deviation of the
discrepancy between the true MLE and the true parameter value,
6, — 6™ and the discrepancy between the approximate MLE
and the true MLE, @nM‘N) — 5,, For Model 1 as shown in Table 1,
our choices of the orders are (M, N) = (0, 1) and (0, 3), since
the simplicity of this model renders zero correction terms as M
increases to M > 0. For the other three models as shown in
Tables 2-4, our choices of the orders are (M, N) = (1, 3), (3, 1),
and (3, 3), for illustrating the effect of changing M and N.

We further demonstrate the practical applicability of our
method by employing a CEV stochastic volatility with concurrent
jump (CEV-SV(]) model specified as follows.
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Table 1

Monte Carlo Evidence for the ABMJ Model.
Parameters Finite sample Finite sample Finite sample
gTrue 5n _ gTrue a(lo«U _ al §$0-3) _ 5n

Mean Stddev Mean Stddev Mean Stddev

A =1/252
n=0.2 0.021476 0.141770 0.003296 0.019200 —0.000022 0.000099
oc=03 0.007785 0.041724 0.000062 0.000251 —0.000001 0.000004
A =0.33 0.167720 0.427378 —0.015509 0.058959 —0.000044 0.000196
a=0 0.000001 0.000003 0.004311 0.019276 0.000035 0.000155
B =02 —0.049043 0.080835 0.005396 0.024911 0.000016 0.000072
A=1/52
n=0.2 0.002138 0.069304 —0.000865 0.012370 —0.000049 0.001601
o=03 —0.000867 0.007273 0.000196 0.001677 —0.000001 0.000230
A =0.33 0.146825 0.458778 —0.046288 0.293532 —0.002605 0.068776
a=0 —0.000773 0.009835 —0.000265 0.014892 0.000072 0.001582
B=02 —0.016549 0.076476 0.001956 0.018169 0.000020 0.000723
A=1/12
n=0.2 0.002379 0.035149 —0.000732 0.006223 0.000014 0.000347
o=0.3 —0.001931 0.009824 0.000535 0.002727 0.000000 0.000117
A =0.33 0.166236 0.496944 —0.055653 0.260738 —0.000054 0.010354
a=0 —0.000692 0.011974 —0.000086 0.008871 —0.000007 0.000188
B =02 —0.005491 0.066906 0.001428 0.011922 0.000008 0.000229

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.

Table 2

Monte Carlo Evidence for the MROU]J Model.
Parameters Finite sample Finite sample Finite sample Finite sample
gTrue /én _ pTrue §V<ll~3) _ /én '9753-1) _ §" ’9:(13,3) _ gﬂ

Mean Stddev Mean Stddev Mean Stddev Mean Stddev

A =1/252
k=05 0.030645 0.061289 0.018137 0.032763 0.012603 0.039911 0.001266 0.002531
6=0 —0.000104 0.000208 0.000415 0.000486 —0.000040 0.001132 —0.000076 0.000152
o=02 0.000106 0.000212 0.001667 0.003584 0.000050 0.000460 —0.000007 0.000014
A =0.33 —0.013829 0.027658 0.028869 0.061288 0.001541 0.054470 —0.000552 0.001104
a=0 —0.000723 0.001445 0.000345 0.000635 —0.000208 0.001131 0.000012 0.000024
B =0.28 0.068028 0.136055 —0.062129 0.121034 0.001449 0.009289 —0.000112 0.000224
A=1/52
k=05 0.226511 0.076686 0.004611 0.001503 0.006773 0.002436 —0.000697 0.000986
0= 0.001394 0.001029 —0.000408 0.001137 —0.000150 0.000571 0.000019 0.000027
o =02 0.003059 0.001773 —0.000065 0.000021 0.000022 0.000403 0.000062 0.000088
A =0.33 0.257111 0.222929 —0.009779 0.005662 —0.005719 0.004870 —0.000463 0.000655
a=0 —0.000234 0.001390 0.000267 0.000648 0.000077 0.000589 0.000006 0.000009
B =0.28 —0.091571 0.079626 —0.000028 0.001381 0.002702 0.007062 —0.000053 0.000075
A=1/12
k=05 0.018959 0.115585 0.012132 0.008716 0.000775 0.004838 0.000649 0.002034
0=0 0.000009 0.000027 0.000095 0.000302 0.000065 0.000453 —0.000006 0.000019
=02 0.004006 0.005580 0.000231 0.000450 0.000075 0.000413 0.000122 0.000287
A =0.33 0.079698 0.108969 0.001533 0.004054 —0.008227 0.005262 —0.000033 0.000104
a=0 0.000002 0.000007 0.000041 0.000131 —0.000257 0.000117 0.000004 0.000012
B =0.28 0.000910 0.049361 0.000335 0.002419 —0.009980 0.003020 0.000338 0.000713

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.

Model 5. The CEV-SV(C] model:

1

X1(t)> = =X

d = dt
<X2(f) K (6 2 X, (t))

VX2 () 0 p <w1 (t))
o pXa(6)* o1 — p2X () Wa(t)
N(t)

Zzn.l
n=1

+d| Yo )

Z Zn.2
n=1

where {(W1(t), W>(t))} is a standard two-dimensional Brownian
motion. According to Duffie et al. (2000), we assume that the
jump size in variance Z,, has an exponential with parameter
y». Conditional on a jump realization Z, ,, the jump size in X; (t)

is normally distributed according to the conditional distribution
ZnlZn2 ~ N(u1 + 01Zn.2; 012)

This model generalizes the affine SVC] model investigated
in Duffie et al. (2000) by allowing nonaffine specifications and
extends the CEV stochastic volatility model investigated in Ait-
Sahalia and Kimmel (2007) by adding jumps. As suggested
by Duffie et al. (2000), X;(t) can be used to model asset return;
accordingly, X,(t) can be used to model its stochastic variance.
Without loss of generality, we employ two parameter sets in the
Monte Carlo simulations. Corresponding to the affine SVC] model,
the first parameter set is given by u = 0.03, x = 3,60 =
0.1,0 = 0.25,¢ = 0.5, p = —0.8, x = 047, u; = —0.10,
o1 = 0.0001, pj = —0.38, and y, = 20. As a nonaffine case, the
second parameter set is given by # = 0.03,x = 4,0 = 0.05,
o = 075« = 08, p = —0.75 1 = 047, u; = —0.10,
o1 = 0.0001, p; = —0.38, and y, = 20. These parameter sets
are in partial agreement with the estimated parameters from Aft-
Sahalia and Kimmel (2007) as well as the calibrated parameters
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Table 3
Monte Carlo Evidence for the SQR] Model.

Parameters Finite sample Finite sample Finite sample Finite sample
gTrue 'éﬂ _ gTrue ’é‘r(ll.S) _ ’é‘ﬂ ?0\,53,1) —@\n /9:(1313> _ gﬂ
Mean Stddev Mean Stddev Mean Stddev Mean Stddev

A =1/252
k =0.6 —0.073254 0.004977 —0.001686 0.000662 0.048160 0.000923 0.000009 0.000013
6 =0.02 0.005587 0.002711 0.002867 0.003614 0.038388 0.003893 —0.000337 0.000477
o = 0.141 —0.000132 0.000208 —0.000003 0.000005 —0.000188 0.000000 —0.000002 0.000003
A=0.2 0.076182 0.228058 0.007174 0.003860 —0.049411 0.001088 —0.000046 0.000064
y =10 0.196001 0.277187 —0.071938 0.176927 0.000739 0.002646 —0.000269 0.000839
A=1/52
Kk =0.6 0.059112 0.016394 —0.000252 0.000489 0.000904 0.001132 0.000051 0.000350
6 =0.02 0.012609 0.024885 0.000541 0.000848 0.000600 0.000514 0.000078 0.000442
o =0.141 —0.000242 0.000382 —0.000110 0.000036 —0.000003 0.000016 —0.000008 0.000019
L=0.2 —0.033253 0.087899 0.015980 0.017179 —0.003744 0.007501 0.000104 0.003477
y =10 0.161996 0.212702 —0.174539 0.217127 0.000051 0.014237 —0.001943 0.003887
A=1/12
Kk =0.6 —0.004761 0.013056 0.000056 0.000962 —0.000323 0.001168 0.000013 0.000034
6 =0.02 0.001308 0.002733 0.004804 0.008235 0.000451 0.001139 0.000036 0.000082
o = 0.141 —0.000198 0.000391 —0.000075 0.000141 —0.000152 0.000054 0.000002 0.000005
r=0.2 —0.065673 0.182982 —0.014253 0.078604 0.012678 0.014106 0.000483 0.001080
y =10 0.082496 0.116678 0.079719 0.346084 —0.019243 0.010672 0.000208 0.000294

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.

Table 4

Monte Carlo Evidence for the BMROUJ Model.
Parameters Finite sample Finite sample Finite sample Finite sample
gTrue 5,, _ pTrue gn(lﬁ) 75" /9:(1311) 75" ’9}313) 7'91

Mean Stddev Mean Stddev Mean Stddev Mean Stddev

A =1/252
k11 = 0.1570 0.004660 0.011640 0.000544 0.012311 0.000744 0.042146 0.000098 0.006109
k21 = 0.3279 0.007827 0.024166 0.025917 0.032805 —0.050358 0.269770 —0.000300 0.012732
ko2 = 2.2883 0.033425 0.176910 0.242949 0.249903 0.089786 0.187985 —0.000439 0.095596
6,=0 —0.000093 0.000292 —0.000100 0.000528 0.004543 0.001590 0.000009 0.000255
6, =0 —0.000093 0.000250 —0.000109 0.000493 0.008386 0.007982 —0.000041 0.000262
A=9 0.928836 0.942508 0.299744 0.879494 —0.118305 0.325743 —0.006459 0.437318
a1 =0.2 —0.013176 0.016091 —0.004234 0.013029 0.004232 0.054184 0.000418 0.007730
ay; =0.1 —0.008912 0.019549 —0.005194 0.013036 0.050591 0.087059 —0.000246 0.006902
B1 =03 —0.001822 0.008944 —0.003823 0.009860 0.040831 0.049751 0.000701 0.005080
B2 =05 0.045888 0.029032 —0.006084 0.021357 0.025910 0.030929 0.000728 0.011999
A=1/52
k11 = 0.1570 0.001438 0.012208 —0.000376 0.003714 0.056400 0.002522 0.000043 0.000947
ko1 = 0.3279 0.002863 0.025816 —0.000037 0.006722 —0.000472 0.009470 —0.000054 0.001365
ko2 = 2.2883 0.022048 0.173931 0.004892 0.044678 0.008020 0.020741 —0.000681 0.010617
6,=0 —0.000004 0.000218 —0.000035 0.000830 —0.000061 0.000905 —0.000001 0.000025
6,=0 0.000006 0.000217 —0.000001 0.000093 0.000002 0.000086 —0.000001 0.000018
r=9 0.20399 0.633815 —0.003968 0.171036 —0.003919 0.065517 0.002565 0.052984
o =0.2 —0.002022 0.019001 —0.000243 0.005043 —0.000781 0.007676 0.000022 0.000992
ay; =0.1 —0.004155 0.021997 —0.000111 0.004160 —0.000514 0.002707 0.000085 0.001285
B1 =03 0.000692 0.007507 0.000185 0.002927 —0.000362 0.004451 —0.000008 0.000480
B =05 0.007557 0.036205 0.000121 0.007023 —0.000208 0.004114 —0.000035 0.001533
A=1/12
k11 = 0.1570 0.000366 0.004175 0.000222 0.003316 —0.000321 0.004436 0.000027 0.000546
ko1 = 0.3279 0.001168 0.010937 0.000140 0.008242 0.000559 0.003467 —0.000031 0.001324
Koy = 2.2883 0.015837 0.110700 0.000413 0.036098 0.000585 0.012586 0.000515 0.018027
6, =0 —0.000000 0.000119 0.000085 0.002728 0.000645 0.002084 0.000003 0.000093
6,=0 —0.000001 0.000121 0.000036 0.001012 0.000059 0.007691 0.000003 0.000075
r=9 0.081659 0.448389 —0.002326 0.132204 0.000992 0.104276 —0.004515 0.095104
a1 =0.2 0.001418 0.009973 0.000192 0.003463 0.001673 0.002303 —0.000013 0.000217
ay =0.1 0.003280 0.016796 0.000075 0.005034 0.000877 0.005291 0.000007 0.000571
B1 =03 0.000319 0.003235 0.000308 0.010172 0.000412 0.002681 0.000023 0.000785
B2 =0.5 0.003356 0.030656 —0.000839 0.009294 0.000733 0.006212 0.000062 0.003930

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.

from Duffie et al. (2000). We employ Euler discretizations to
generate the sample paths of this model, see, for example, Chapter
6 of Glasserman (2004). In the numerical experiments exhibited in
Tables 5 and 6, we report the mean and standard deviation of the
discrepancy between the approximate MLE and the true parameter
value, 5N — gTree for (M, N) = (1, 3), (3, 1), and (3, 3).

As shown from the numerical results in Tables 1-4, when the
order of approximation increases, the approximate MLEs get closer

to the exact (but usually incomputable) MLEs, and thus get closer
to the true parameter, if the sample size n is large enough. Thus, the
approximate MLEs obtained by maximizing the approximate likeli-
hood function approach the asymptotic efficiency of the true MLEs.
This phenomenon agrees with the accuracy of our density expan-
sion investigated in Section 5 of Li and Chen (2016) and reconciles
our theoretical discussions on the asymptotic property of the ap-
proximate MLE in Section 6 of Li and Chen (2016). As shown in
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Table 5

Monte Carlo Evidence for the Affine SVC] Model.
Parameters Finite sample Finite sample Finite sample
gTrue aﬁ1-3) _ gTrue ’9\;311) _ @True ?07&33) _ gTrue

Mean Stddev Mean Stddev Mean Stddev

A =1/252
wn=0.03 0.000364 0.000706 —0.000156 0.001610 0.000219 0.000451
k=3 0.328481 0.143916 0.171773 0.383091 0.038922 0.060455
0 =0.1 0.000619 0.020642 0.001073 0.006309 0.001626 0.002313
o =0.25 —0.003245 0.055997 0.022458 0.048356 —0.001101 0.016275
p=-08 0.001641 0.008685 0.009610 0.059919 0.008991 0.043841
A =0.47 0.001044 0.007557 —0.020646 0.050806 0.000105 0.000616
1 = —0.10 —0.002672 0.001487 0.015115 0.057429 —0.002282 0.004846
oy = 0.0001 0.000001 0.000004 —0.000001 0.000003 0.000000 0.000003
p =—0.38 —0.000639 0.001487 0.000116 0.006628 —0.000420 0.000753
y, =20 0.208234 0.517280 —0.174754 0.655111 0.067385 0.021390
A =1/52
n=0.03 0.000295 0.000945 0.000115 0.000312 —0.000046 0.000885
k=3 0.124675 0.398034 0.034114 0.074008 0.001789 0.001494
6 =0.1 0.000558 0.005378 0.001832 0.003928 0.000641 0.005608
o =0.25 0.006401 0.028605 —0.000509 0.009599 0.000045 0.000258
p=-08 0.003375 0.054602 0.018891 0.057645 0.014652 0.047471
A =0.47 —0.001855 0.010300 0.005485 0.016746 0.000382 0.004148
n1 = —0.10 0.003248 0.023227 —0.003413 0.012143 —0.002008 0.005823
o; = 0.0001 —0.000001 0.000008 0.000001 0.000003 0.000001 0.000002
p =—0.38 0.001835 0.008196 —0.000521 0.001289 0.000129 0.000383
y, =20 0.149504 0.620797 0.139752 0.302418 0.053390 0.111969
A=1/12
n=0.03 0.000149 0.000275 0.000262 0.000491 0.000007 0.000010
k=3 0.026804 0.067132 0.030145 0.055030 —0.007464 0.001053
0 =0.1 0.001014 0.004378 0.002082 0.002431 —0.003325 0.004703
o =0.25 0.001807 0.005018 —0.001046 0.016289 0.026106 0.036919
p=-0.8 0.018800 0.052283 0.012469 0.044603 0.001919 0.008317
A =0.47 0.005566 0.016069 —0.021294 0.030114 0.000888 0.005609
n1 = —0.10 —0.002509 0.005310 —0.002365 0.004889 0.002329 0.003293
o1 = 0.0001 0.000001 0.000002 0.000001 0.000003 —0.000003 0.000004
p; = —0.38 —0.000700 0.001376 —0.000442 0.000778 —0.003554 0.005026
y, =20 0.074488 0.218087 0.071733 0.214253 0.004023 0.005699

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.

Tables 1-4, while holding the length of sampling interval A fixed,

the approximation error ’9\"(M'N )A— 5,1 decreases and is dominated
by the intrinsic sampling error 6, — 67™¢ as M and/or N increase.
According to Ait-Sahalia (1999, 2002a, 2008), once the approxi-
mation error resulted from replacing the true likelihood (48) by
its approximation (50), is dominated by the sampling error due to
the true MLE, approximate MLE @EM’N) is appropriate in practice;
such a proper replacement has an effect that is statistically indis-
cernible from the sampling variation of the true but incomputable
MLE 6, around 6. Thus, following the discussions in Ait-Sahalia
(1999, 20024, 2008), a small-order approximation is adequate for
replacing the true MLE 6, for the purpose of estimating unknown
parameter 6.

Similarly, as exhibited in Tables 5 and 6, the performance the
approximate MLE measured by /9\,§M’N) — #™¢ js improved as M
and/or N increase for n large enough. This phenomenon reconciles
the consistency of the incomputable true MLE 6, as well as the im-

. . A(MyN) - .
provement of the approximation error of 6, — 6, as orders in-
crease. As a result of the fast development of modern computation
technology, calculation of high-order likelihood approximations
will become increasingly feasible; thus the performance of our ap-
proximate MLEs can be arbitrarily improved at least in principle.

5. Concluding remarks

In this paper, we propose a closed-form expansion for transition
density of Poisson-driven jump-diffusion models, for which
any arbitrary order of correction terms can be systematically
obtained through a generally implementable algorithm. As an
application, likelihood function is approximated explicitly and

thus employed in approximate maximum-likelihood estimation
(MLE) for jump-diffusion models from discretely sampled data.
Numerical examples and Monte Carlo evidence for illustrating
the performance of our density expansion and the resulting
approximate MLE are provided in order to demonstrate the wide
applicability of the method. The convergence related to the density
expansion and the approximate MLE are theoretically justified
under some standard (but not necessary) sufficient conditions.
Owing to the limited space of this paper, which focuses on
introducing a method of estimation, investigations on more
asymptotic properties related to the approximate MLE can be
regarded as a future research topic. One may also apply the idea
of explicitly approximating transition density in various other
aspects of financial econometrics, for which explicit asymptotic
expansions of certain quantities, e.g., option price, are helpful. An
extension of the current method in order to incorporate more
general jump-diffusion models (see, e.g., Cinlar and Jacod (1981)
and Yu (2007)) can be set as another important direction for future
research.
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Table 6
Monte Carlo Evidence for the CEV-SVC] Model.

Parameters Finite sample Finite sample Finite sample
gTrue 97(11-3) _ gTrue /é\rﬁ&]) _ gTrue ?0\,53,3) _ gTrue
Mean Stddev Mean Stddev Mean Stddev

A =1/252
uw=0.03 0.000341 0.000096 0.000169 0.000817 0.000046 0.000024
k=4 0.045455 0.012856 0.026933 0.089693 0.001388 0.004946
6 =0.05 0.000568 0.000161 0.000148 0.002660 0.000032 0.000195
o =0.75 0.008523 0.002411 0.002415 0.019433 0.000343 0.002240
a=0.8 —0.014545 0.035998 0.016998 0.022219 0.000503 0.003305
p=-0.75 0.034091 0.057854 0.019868 0.073066 0.000202 0.005833
=047 0.005341 0.001511 0.003360 0.012329 —0.000059 0.000743
1y = —0.10 —0.004318 0.001221 —0.001009 0.005007 —0.000185 0.000502
oy = 0.0001 0.000001 0.000000 0.000001 0.000005 0.000000 0.000002
pp = —0.38 —0.001136 0.000321 —0.000349 0.001433 —0.000433 0.000107
y; =20 0.227273 0.064282 0.147132 0.396738 0.002961 0.026454
A=1/52
u=0.03 0.000514 0.000726 0.000052 0.000153 0.000012 0.000066
k=4 0.126993 0.179595 0.017026 0.066626 0.005203 0.010674
6 =0.05 0.001811 0.002561 0.000347 0.001060 0.000016 0.000125
o =0.75 0.025743 0.016627 0.007148 0.018427 —0.000479 0.003095
a=0.8 —0.007838 0.011085 0.013408 0.029640 0.001489 0.002908
p=-0.75 0.071619 0.101285 —0.003591 0.023346 0.001294 0.004984
r =047 0.000121 0.000171 —0.000045 0.002416 0.000187 0.000801
= —0.10 —0.016252 0.022983 —0.000228 0.001075 —0.000292 0.000361
oy = 0.0001 —0.000000 0.000000 —0.000000 0.000001 0.000000 0.000001
py=—0.38 0.000484 0.000685 —0.000136 0.001347 —0.000086 0.000171
y2 =20 0.183647 0.259717 0.095744 0.266145 0.000824 0.026568
A=1/12
=003 0.000046 0.000619 0.000151 0.000337 —0.000010 0.000047
K= —0.069939 0.190072 0.013383 0.046579 0.001695 0.005898
6 =0.05 0.001592 0.001112 0.000257 0.000798 0.000019 0.000154
0 =0.75 0.025906 0.019544 0.004547 0.010606 0.000472 0.002314
a=0.8 —0.057450 0.065819 0.001519 0.025132 0.001733 0.002930
p=-0.75 0.014489 0.082946 —0.011847 0.025319 0.000551 0.005274
=047 —0.003380 0.015492 0.000747 0.002201 —0.000031 0.000697
= —0.10 —0.009448 0.004701 0.000400 0.005663 —0.000208 0.000456
oy = 0.0001 0.000002 0.000000 0.000000 0.000000 0.000000 0.000001
o =—0.38 —0.002040 0.000606 —0.000260 0.000548 —0.000058 0.000178
¥y =20 0.177732 0.204470 0.038872 0.088285 0.003001 0.003154

Notes. The number of simulation trials is set as 1000 and the number of observations on each path is n = 1000.
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Appendix A. Calculation of (A.1)

To explicitly calculate Ty ,(y) from formula (25) under the
assumptions of Jump-Size Distributions 1 and 2, it is sufficient to
consider the explicit calculation of the following expectation

d
E| ¢sup A+ BI(A) [ [J(A)"INA) =n|, (A1)

=1

where A = (A1, As,...,A))" and B = diag(By,Bs, ..., By)
for some constantsAj, A,, ..., Aq, B1, B, . .., Bjand non-negative
integers ny, n, . .., n4. As shown momentarily in Appendix D, the
explicit calculation of (42) for constructing higher-order correction
terms also hinges on (A.1).

Under Jump-Size Distribution 1, conditioning on N(A) =
n, Ji(a) = Zﬂf) Z;; has a univariate normal distribution,
ie, J(AIN(A) = n ~ N(ne,npt). We have the following
Lemma.

where a and B are the mean vector and the covariance matrix
introduced in Jump-Size Distribution 1, respectively. We have

E | ¢z (A+ BJ(4)) ﬁ]z(ﬂ)"’lN(A) =n
=1
(det £ (x9))?
" 2% (det 5 (xo) detn)’
X exp (—;ATE(XO)]A - gaTﬁ_la + %QTf(xo)Q>
9 gm) .. §(na)

X exp (—OTf(xo)Q + %0T§(x0)0>

where @ = (61,05, ...,04)" .

Proof. The proof of the lemma follows from straightforward
calculations; see Section 2.1 of Li and Chen (2016). O
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Thus, denoting by
D(xo)

va

ng = 0, it is easy to obtain the leading term

A=y — D(X)b(xo)~/A and B = —

(A.3)

and letting nq, n,, ...,
To.n(¥) as

Ton(¥) = @5x0)+ 2 Dix) BD(x0) (y — D (x) b (x) VA

n
———=D (xg) oc). (A4)

va

Under Jump-Size Distribution 2, conditioning on N(A) =
Ji(A) has an Erlang distribution (see, e.g., Chapter 17 in Johnson
et al. (1996)) with p.d.f.

yn
(n—"1!

d. Similar to Lemma 1, we have the following

P(Ji(A) € dvIN(A) =n) = exp(—yw)v" " dv,

(A5)

foreachl=1,2,...,
formula.

Lemma 2. Let

-~ ~ -~ T -

A= (AnAy ... A)' =3 X)) (B") (B"Z(x)'A+T)
withl = (y1, v2s ..o ). (A6)

We have

d
E [«bm @A +B(a) [[a™nNa) = n}

=1

1 A4 n (n—l)d+i n
— 4] — [t
detB =1 (n—1)!
an1+n718n2+n71 . a"d+“*1

1 T 1
X ay]n1+n718y2112+n71 o 8)/;d+n_] <eXP <—EA E(Xo) A

1 ~
—+ 5?2(X0)71A> NE(xO) (—74)) .

Here, N¢(-) denotes the cumulative distribution function of a normal
distribution with zero mean and covariance matrix C.

(A7)

Proof. The proof of the lemma follows from straightforward
calculations; see Section 2.2 of Li and Chen (2016). O

Thus, it is easy to obtain the leading term Ty ,(y) by plugging
ny, ny, ..., ng = 0in formula (A.7).

Appendix B. Proof of Theorem 1

Proof. Following (19) and (39), we have

1 ( 1\ l£[
n = Dr,-r,-(x )
e A) i=1 ’

Tm,n(y) =
(£.§(0).r(0))
=(0.G1d2senid)s (1T
308 (Yo —
El —1 | X N(A) =n
<axrlaxr2 . 9X 1_[ i1, T;| ( )

Xre i1

r[)) €4m

We note that
308 (Y — t
E( (Yo—y)

0xy, 0Xp, - - - 0%y, 1

Xj+1.;IN(A) = n)

O (Yo —y)

d
=kl — 77
[ <8x,13x,2-~-3x,[

14
x HXJHLHW(A) =n, g(A))u\J(A) = n],

i=1

Recall that E,(-) denotes the conditional expectation operator
E (-|N(4) = n, g(A)). Moreover, we denote by
D(xo)

z=y— Ja (b(x0)A +](A)).

Using the integration-by-parts formula of Dirac Delta function (see,
e.g., Section 2.6 in Kanwal (2004)) and recalling (14), we arrive at

398 (Yo — y)
E, X
(E)xr1 0Xy, - - - 0Xp, 1_[ gt

i=

P TOFY (w— Z) B(A)
i N T X;
/ﬂ)o 0%y, 0y, - - - 3sz 1_[ Git 1,1 «/Z =w

i1
5©

dw = (-1)' ———
X ¢z xp) (w)dw = ( )82r132r2~~-3zr[

¢ B(A) ) }
En X'i ,ri|7 =z)¢ X0 @) .
|: <,1:! i1 «/Z Z(x0)

Recalling the definitions of (15) an
smooth function u(z),

d (40) and noticing that, for any

d ou(z)
8—a(u(z)¢;(x0)(z)) = ( oz

= Diu(z),

we obtain formulas (42) and (43) immediately. O

- u(Z)(E(XO)’lz),) G5 (2)

Appendix C. Calculation of (40)

C.1. Conversion from multiplication to linear combination

The first technical issue is to convert Xj, 11,1, Xj,+1,, * - * Xjy+1.1r,
into a linear combination of iterated Stratonovich integrals using
the following lemma. For an arbitrary index i =(iy, is, ..., i),
we denote by —i the index obtained from deleting the first
component of index i, i.e., —i =(iy, i3, ..., ij). Similarly, let —f =
{(fr(0), f3(t), ..., fi(t))}. Thus, it is obvious that

t f-1
S_i—f(t) = / E / Jit) o dWy (tp) - - - f(t2) o dW;, (t2).
0 0

Lemma 3. For two indicesi = (i1, i3, ..., i) andj = (1, j2, . - - » Jk)

as well as stochastic processes f = {(fi(t), f2(t), ..., fi(t))} and
g = {(g] (t)’ gz(t)v e g’((t))}v we have
t
Sif(D)Sig(t) = / Si£(U)S—j,~g (U)g1 (1) o dWj, (u)
0
t
+ / Si.eW)S_i —g(W)f1 () o dW; (U) (C.1)

Proof. See Section 2.3 of Li and Chen (2016). O

For example, applications of (C.1)) to the products generated by
(38) yields that

S, ()% = 2S0,0), 1,1 (1),
S©).(1OSay.1m(€) = Swo.1)..1 ) + Sa.0).(1.1 (),
Sy, (0 = 281,111 (0).
Thus, we obtain a linear combination form of X; (t)? as
X1(t)* = 2b(x0)*S(0,0),(1,1) (t)
+ 20 (X0)b(Xo) (S(0,1),1,1) (t) + S(1,0),1,1) (1))
+ 20 (X0)*S(1,1),(1.1(£) + 2b(X0)] ()S(0). (1) (£)
+ 20 (X0)J (£)S(1y.(1) (1) +J(0).
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By plugging this expression and (36) in (37), it is straightforward
to write X3(t) as a linear combination of iterated Stratonovich
integrals. Due to the length of this paper, we omit such a tedious
formula. Similarly, to simplify X,(A)? for calculating (47b), we
need the following conversion among others:

Say.gn (O = 2841, gy (©)-

C.2. Conversion from iterated Stratonovich integrals to It0 integrals

In this section, we discuss the conversion from iterated
Stratonovich integral (33) to a linear combination of iterated
Itd integrals defined in a similar way except for changing the
Stratonovich integrals in (33) into that of It0 sense, i.e.,

t prh f-1
Lis(t) = / / f)dW; (&) - - - f(6)dW;, (6)f1 (t1)
o Jo 0

x dW;, (ty). (C2)

Since the conditioned jump path is stepwise constant, we
concentrate on the case where f; are step functions. By using the
fact that, for two continuous semimartingales X and Y,

t t
fX(s)odY(s):/ X(s)dY(s)+%(X,Y} ®),
0 0

see, e.g., Section IL7 in Protter (1990), we will generalize
the relation between iterated Stratonovich and It6 integrals
investigated in Section 5.2 of Kloeden and Platen (1992). Define the
length of i = (iy, iy, ..., 1)) withiy, iy, ..., €{0,1,2,...,d} by
Id) == I((iy, 02, ..., 1)) =L (C.3)

Let ¢ denote the index with zero length, i.e., [(¢) = 0. We propose
the following lemma.

Lemma 4. For an arbitrary index i = (i1, i, ..., 1) with iy, iy,
.o €{0,1,2,...,d}, if I(i) = 0,1, we have S;¢(t) = Lig(t);
if 1(i) > 2, we have

‘ 1
Sif(t) = / S_j—¢(t)f1 (t)dWy, (t1) + 51(:‘1:1‘2;&0}
0
X / S—(—iy—(=p (L)f2(t2)f1 (t2)dE5.
0

Proof. See Section 2.4 of Li and Chen (2016). O

For example, to calculate (46), we employ the following blocks
to convert (36) to a linear combination of iterated It6 combination
of iterated Itd integrals

So.n.a,1) = Io,1.a,1(t), (C.4a)

S1,0,,1(8) = I,0,¢1,1) (1), (C.4b)
1

San,a,n®) =Ia,a,1n@) + 51(0),(1)(0, (C4c)

Say.gon (O = Iay, gy (- (C4d)

Similarly, to calculate (47b), the following conversion is needed
among others:

1
San.00s0) (0 =lan.gos0) O + T, o2) ©- (C5)

C.3. Conditional expectation of iterated It6 integrals

Following the previous discussions, we finally focus on
the conditional expectation of iterated It6 integrals in the

following form: E, (Ii¢(A)|W(A) = w), where E,(-) denotes
the conditional expectation operator E (-|N(4) = n, §(4)) for
simplicity. A natural start is to remove the conditioning by an
explicit construction of Brownian bridge (see, e.g., Section 5.6
in Karatzas and Shreve (1991)),i.e., foranyr =1,2,...,d,

in law in law

Wr(9)IW(A) = w) =" (Wi ()W (4) = wr) =" B,(5)
= B, (s) — %ﬂr(A) + %wr,
where B,’s are independent Brownian motions and
BY(s) 1= B,(5) — By (A) + —w, (C6)
A A
is distributed as a Brownian bridge starting from 0 and ending at

w; attime A. We assume B’ (s) = sand By(s) = s. Thus, it follows
that

A tq
En (Ls(Q)|W(4) = w) = E(f /
o Jo
f-1
/ FEABE () - - Fo(62)dBY (02)fy (u)d%;‘;(m). (c7)
0

To articulate some useful tools, we introduce an important type
of iterated It0 integral as follows. For an index i = (i1, i3, ..., i)
with an ascending order 0 < i; < i, < .-+ < i} < dand an

integrand f = {(f1(t), 2 (t), ..., fi(t))}, denote by

t rt f—1
L; £(6) ;:/ / f fit)dB; () - - -
0 0 0

F2(62)d8B;, (t2)f1 (£1)d By, (t1), (C8)
where vi= (vg, vq, V5 ..., Vg) is a vector with
vii=#k=12,...,l:ix=j}, forj=0,1,...,d, (C9
i.e., the total number of k from the set {1, 2, ..., [} such that i, = j.

It is obvious that Z;'i:o v =1

Proposition 1. The expectation (C.7) admits the following represen-
tation

En (l.e(2)IW(4) = w)

RO
p1=0 D1 A 0 a1 A

q1=!

) ) V2—P2—q2
1% (ﬂ)” v—=p2\( 1
* Z (Pz) A Z ( 92 ) ( A

p2=0 q2=0
Vd Vd—Pd Vd—Pd—qd
V, P — 1
x...xz<d>(ﬁ)dz<”d Pd)(_7>
pamo \Pa/ N AL GT N A

d
x En (H 87" () x 1<qo,q1,q2,...,qd>,f<A>) (C.10)
j=1

where qo = [ — Zzzl Qr-
Proof. See Section 2.5 of Li and Chen (2016). O

To illustrate for Proposition 1, we employ the following
two conditional expectations for calculating (46) based on
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(C4a)-(C4d):
E1 (Io.1),.n (A) W (A) = w)
1
=35 (8B (A) x 42.0.1.1(4) + Er (La1.1).0.1)(4A))
w
+ ZE] (Le0.a.1(Q),
Eq (Iay,gan (D)W (A) = w)

1
=35 (B (4) X £1,0,gw) (D) + E1 (L0.1),g0 (D))

(C.11a)

w
+ ZEl (La1.0,00) (D)), (C.11b)

as well as an example for calculating (47b) based on (C.5):
E> (I0,1),00J0) (D)W (4) = w)

1 , 2
= EEZ (8% (4) X 42,0,£(Q)) — ZEZ (B () x 141,1)£(4))
2w
- ?Ez (8B (4) X £2,0.6(4)) + E2 (L0,2).6(A))
2 2
+ Zsz (La,1.6(0) + (%) Es (42.0.6(4)), (C.12)

where f = {(J (t) ,] (t))}.
Next, it suffices to calculate the expectation in (C.10). We
propose the following iteration-based algorithm.

Proposition 2. For non-negative integers ki, ko, ..., kg = 0,1, 2,

S i=(vo, Vi, V2., ) and £ = {(fi(t), (), ..., ()}, If
there existsi € {1, 2, ..., d} such that v; > k;, we have
d
En (]_[ B, (4) x lvi,f(A)) =0; (C.13)
j=1

ifthere existsi € {1,2, ...

d
En (]_[ 8/ (4) x xvi,f(m)
j=1

—v,xEn(

,d} such that v; < k;, we have

B (2) H B (4)

J=1j#1

4+1 d
i— k.
+an(£l‘* ") [ 8@
j=1 q=1,q#i
X ‘z(vo,\)lpu,vifl,UH—],\)H,I,“.,vd),(fl,fz.“.,fjfl,1,]}',4“,f1) (A)>5 (C'14)

in particular, if v; = k;, we have

(]‘[3 (4) % 4, (A))

j=1

k.
= ki! X E, ( 1_[ £jj (4) x ‘1(v0+v;,u1,...,ui_l,O,viH,....vd),f(A)> .
=1, ji

(C.15)

Proof. See Section 2.6 of Li and Chen (2016). O

Following (C.11a) and (C.11b), we illustrate Proposition 2 using
the following examples among others:

E1 (8B (4) X 42,0,a.10(A) = 3E1 (L2,1),1,1,1(4)) =0
E1 (8 (4) x 1(1,0).¢()(4)) = E1 (41,1, 1J0) (A))
+E1 (La.1,00.1(4)) =0,

A tq 1 )
Eq (1(2,0),(1,1)(A)) = / / dtydt; = - A
o Jo 2

A A
Eq (1(1,0),U(t))(A)) = J(tp)dt; = / Z1 17, a1 (t1)dt
0 0
=Zi1(A—11).
Similarly, following (C.12), we provide the following example:
Ey (8% (4) X L2,0).g0)J) (D))
=E» (8 (A) X d.1.a50Jw)(A))

+E; (53 (A) X $2.1),00,1J0) (D))

+E3 (B (A) X d2.1),00J0.1(D)),
where, for instance,

E; (B (A) x 2.1, ¢0.150)(A))

/f/](f3)df3dt2](t1)dt1

= —*ZZ (11— 1)’ — *21(21 +2)(T —1)(T — 1) (11 — T2)

+ 6 i+ 2)* (A - 1),

C4. Summary of the algorithm

Before closing this section, we summarize the aforementioned
three-stage algorithm as follows:
Algorithm 1. e Convert the multiplications of iterated
Stratonovich integrals to linear combinations.
e Convert each iterated Stratonovich integral resulting from the
previous step into a linear combination of iterated Ito integrals.
e Compute conditional expectation of iterated It6 integrals.

According to the above discussions in this section, conditional
expectation (40) can be calculated as a polynomial in w with
coefficients involving polynomials in the jump arrival times
71, T2, ..., Ty as well as jump sizes Zy, Z, ..., Z,. For example,
conditional expectation (46) admits the following closed-form

1 1
Py, 1), p(w) = ib(l)(XO)U(XO)Aw + Eb(xo)a(l)(xo)Aw
1
+ Eb(xo)b“)(xo)ﬂ2 — b (x0)T1Z1
1
+b P (x0)AZ; + Ea(xo)a“>(><0)w2

1
+ o (x0)Z1w — ZO'(D (x0)T1Z1w.

Appendix D. Calculation of (42)

Following the investigation from the previous section, it is
evident that (43) can be calculated as a product of the normal
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p.d.f. ¢5(x,)(2) and a polynomial in z with coefficients involving
polynomials in the jump arrival times t4, o, . . ., T, as well as jump
sizesZ1, Z,, . .., Zy. For example, (45) admits the following explicit
form

Fi a,01),1» (@)

1 1
= ¢(Z)<§b(l)(xo)0(xo)ﬂ3/2 + Eb(xwo(“(xo)&”
1 (1) 3/2.2 1 (1) 3/2.2
— Eb (x0)o (Xg) A/ °z° — Eb(xo)a (x0)A“z
1
+ bV (x0) 11212 — Eb(xo)b“)(xo)Azz — bV () AZsz

1
— 5a(xo)a“>(><o)Az.3 — oV x)VAZ, 22

+ 0 (x0)0 P (x0) Az + 0V (X)W AZ,

oV (x0)11Z12* _ oV (x0)T1Z4 )

VA VA

To obtain correction term (42) under any arbitrary specifica-
tions of jump-size distribution, we need to consider the following
type of expectation

n d n b
a;i k.l
(1T 1112
i=1 =1 k=1

D(xo)

va

where g; and by ; are all non-negative integers fori, k = 1,2,...,n
and | = 1,2,...,d; @5 is the p.d.f. of a normal distribution
with zero mean and covariance matrix X' (xo) defined in (26). By
the independence between (71, 72, ..., ;) and (Zy,Z,, ..., Z,),
the calculation of (D.2) boils down to calculating expectations of
monomial of jump arrival times as well as expectations involving
jump sizes in the following form, i.e., (D.2) equals to

E (]_[ tMIN(A) = n)
i=1

d n
xE (l_[ 128 $500) A+ BI(2)) IN(A) = n) ,

I=1 k=1

(D.1)

X Pz x) (y - (b(x0)A +J(A))> IN(4) = n), (D.2)

where A and B are defined in (A.3).

D.1. Expectation of monomial of jump arrival times

We note that the conditional distribution of arrival times
follows an order statistics associated with a sample of independent
uniformly distributed random variables (see, e.g., Chapter 13
in Karlin and Taylor (1981)),i.e.,

P (ﬂ{n = }IN(4) = n)

i=1

=

n!
= El{o <t <--- <ty < Aldtydty - - - dty, (D.3)
Thus, we provide a general formula for the conditional expectation
of a monomial of jump arrival times tf;] rgz ‘e ri’:r in the following

lemma, which follows directly from classical calculus.

Lemmab5. Forr <nand1<i; <i < --- < i, <n, we have:

-1
LT IN(A) = n) = (ﬁ (n+ k))
k=1
r o Pk k—1 P1
x nn(ik—l—i—h—l—ij) < [ [ —1+maP,
j=1 h=1

k=2 h=1

pb1._p2
E (Th T

where P =3, p;.

D.2. Expectation involving jump sizes

In this section, we resort to the technique of conditioning in the
calculation of

d n
E (H [125 b0 A+ BI(A)) IN(A) = n) .

I=1 k=1

(D.4)

For example, by conditioning on J(A), expectation (D.4) is equal to

E|:¢):(x0) (A+ Bj(4))

d n
XE(H [Tz vca).Nea) = n)IN(A) - n],

I=1 k=1

(D.5)

To calculate the inside conditional expectation, we note that, for
each I,

d n
E (]‘[ [Tz v Nea) = n)

=1 k=1

d n
=[]e (l_[zf,'?'l]z(A), N(A) = n) ,
=1

k=1

(D.6)

where J;(A) ngf) Z; ;. The conditional distribution (Z;,
Zols ooy Znili(A), N(A) = n) can be explicitly calculated under
the assumptions of Jump-Size Distributions 1 and 2. For other
specifications of jump-size distribution, case-by-case analysis on
how conditioning techniques can be applied in the calculation of
(D.4) is needed. In Sections 3 and 4 of Li and Chen (2016), as
illustrations, we document the main technical details on handling
a correlated multivariate normal distribution and a correlated
mixture of normal and exponential distributions for modeling
jumps in Model 5 (the CEV-SVC] model).

D.2.1. An example under Jump-Size Distribution 1
Under Jump-Size Distribution 1, we have

((Z11: Zats - - - Zng) Ui(A), N(A) = n)

inlaw <N (“TAH P (zn - %uﬂ)) (), N(4) = n) ,

(D.7)

where I, = diag{1,1,...,1}and 1, = (1,1, ..., 1)T. Thus, it is
straightforward to obtain the expectation in (D.6) in closed-form
as a polynomial of J;(A) by differentiating the moment generating
function of conditional distribution (D.7), that is,

E (1_[ ZEi(A), N(A) = n)
k=1

9(011) g(b2,0) . .. g(bny)
= 2P gght  ggbui @ (61,02, ...,60) loy.6,,....00=0,
R VO T
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where
(n) n
A
¢ (01,05, ...,6,) =exp (J ( )291

i=1

1 2
+38

n 1 n 2
Z 62 — - (Z 9i>
1= 1=

with ](")(A) = Z};] Z; ;. Thus, expectation (D.4) can be further
calculated in closed-form using Lemma 1.

D.2.2. An example under Jump-Size Distribution 2

Under Jump-Size Distribution 2, it is known from Section 13.1
of Karlin and Taylor (1981) that

Zo 1.1, Zugli(A), N(A) = n)

U (A), Un g™ (A)),

(Z11 2o, - - -

inlaw

= U (A), Uy (A), ..

where Uy + U+ - -+ Up—11+ Uy = 1and Uy, Uy, - .., Up—qyg
are uniformly distributed over the region
Up_1 = {(ul,uz,...,un_l) cu; >0,fori=1,2,...,n—1,

n—1
and Zui < 1},
i=1

i.e, the distribution of (U, Usy, ...
density function as

P (U1,1 € duq, Uy € duy, ...
= (n - 1)!1{(U1,u2,...

moreover, the random vector (Ul,l, Uagy -,
dent of J;(A).
Thus, we find that

E (l_[ Zf,'?“ Ui(A), N(A) = n)

k=1

,Up—1,) has a probability

s Un—l,l € dun—l)
(D.8)

yun—l)e‘un—l};

Up—1,) is indepen-

J<">(A>k— (]"[ U Ui(4), N(4) = n)

J‘")(A)k ) (]_[U,fk,‘w(A)_n)

which simplifies (D.4) to

n

d > bi
E | ¢sup A+BI(M) [ [1(A)= T IN(A) =n

=1

d n
x[]E (]_[ U IN(A) = n) .
k=1

=1

(D.9)

By letting n; = Y ,_,bx; forl = 1,2,...,d, it is easy to ob-
tain the first conditional expectation in (D.9) in closed-form using
Lemma 2. Through straightforward calculations relying on distri-
bution (D.8), we obtain that

(n — 1)! ﬁ bk,l!

n
E (]_[ USIN(A) = n) = — k=t .
k=1 (Z bei+n— 1)!

k=1

D.3. An explicit illustration of correction term (42)

As an illustration, we obtain the correction term Ty (¥) for a
one-dimensional jump-diffusion model by integrating (D.1) using
the aforementioned method:

Ti1 ()

D
= ;"ZO) <<2A3/2 (1 =A%) (bD (x0)o (X) + b(x0)o PV (xo))

+A (0(X0)0(1)(X0)A - %b(xo)b“)(xo)Az)
- %U(XO)U(D(XO)ABA>E [¢ (A+BJ(A)) IN(A) = 1]

- (ﬁ ((1=42) 0 V(o) + VAR (x0) )

E[nIN@) =1] -
E[nIN@) =1] -

A) — 2Ab7Y (xg)
A) + AB (b (x0)o (x0)

+ b(xo)o 'V (xg)) A*? — (1 - ;A2> Bo (x)o ™V (%) A
+ ;Bb<xO)b“><xo)A2)E [¢ (A+ BJ(A))] (A) IN(A) = 1]

+ <<b<”(xo) + fAG(])(Xo)) B(E[11IN(4) = 1] — 4)
— S (60 50)0 (50) + b0 )

- %o(xo)a“)(xo)BABzA)
xE[¢ (A+BJ(A)] (A)* IN(A) = 1]

+ =800 (E[mINGD = 11— 2)

1
- 5o(xO>BA3/2)E [¢ (A+BJ(A))] (4)’ IN(4) = 1]>,

with A and B defined in (A.3). Here, the expectation of the jump
arrival time is given by E [t1|N(A) = 1] = A/2. Under Jump-Size
Distribution 1, the expectations involving jump size components
can be calculated as

Elp (A+BJ(4)IN(A) =1] =

1 A+ Bax
V1 +32/32¢ <J1 +3252> ’
El¢ (A+BJ(4))] (A) IN(4) = 1]
o — ABB? A+ Ba

- (1 +32/32)3/2 ( 1—{—82,82)

E[¢ (A+ BJ(A)] (4)* IN(4) = 1]

_ &® 4 B* — 2ABap® + + (1+A%) B*g*

= (1 N Bzﬂz)S/z (
E[¢ (A+ BJ(A)] (4)° IN(4) = 1]

(@ —ABB?) (&® + (3 — 2ABw) B> +

= (] + Bzﬂ2)7/2

A+ Ba
Ji+pg )’

(3+A?) B2 %)

A + Ba
Xp| —|
1+ B2g?
where o and 8 are defined viaor = EZ; and 82 =VarZ; according to
Jump-Size Distribution Jump-Size Distribution 1. Under Jump-Size
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Distribution 2, the expectations involving jump size components
can be calculated as
2

B [0 (A+BI(4) INA) = 1] = Le¥ Ty (-7),

El¢ (A+BJ(A))] (4) IN(A) = 1]
L G () ().
E[¢ (A+ BJ(A)] (A)*IN(4) =1]

= 2 (1) W (D)~ H0 (A
E[¢ (A+ BJ(A)] (4)’ IN(4) = 1]

LB (3@ A (A - B +2)0 ().

where A = A + y /B and y is the intensity parameter of the expo-
nential distribution. Here, .~ (-) denotes the cumulative distribu-
tion function of a standard normal distribution.
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